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1. Introduction 

Recently, there has been further important progress towards understanding the finite- 
size spectrum of the AdSs x superstring. The conjectured quantum integrability 
of the string model plays a primal role in those developments. 

In the uniform light-cone gauge the string sigma model is described by a two- 
dimensional massive integrable quantum field theory defined on a cylinder of circum- 
ference equal to the light-cone momentum P+; the latter can be viewed as the length 
L = P+ of the string, see the review In the limit of infinite L the spectrum 
of the model is known to contain a set of elementary particles which transform in 
the bi-fundamental representation of the centrally extended superalgebra su(2|2). In 
addition, there are Q-particles, which can be thought of as bound states of Q ele- 
mentary particles 0. The Q-particles reside into the tensor product of two AQ-dim 
atypical totally symmetric multiplets of the centrally extended su(2|2) algebra. In 
the infinite L limit the symmetries of the model are powerful enough to determine 
the matrix structure of both the fundamental S-matrix p, Q and the S-matrices of Q- 
particles |Q ^. Crossing symmetry puts further constraints [0 on the normalizations 
of all the S-matrices. 
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When L is large but finite, the multi-particle states can be approximately de- 
scribed by the wave function of the Bethe-type Factorizability of the multi- 
particle scattering together with the periodicity condition for the wave function then 
implies the quantization conditions for the particle momenta which are encoded into 
a set of the Bethe-Yang equations. These equations give a proper (asymptotic) 
description of the string spectrum for L large, but they become less and less accu- 
rate when the value of L decreases. The effect of a finite volume manifests itself in 
the appearance of exponentially small corrections to the particle energies computed 
via the Bethe-Yang equations. Derivation of the leading corrections by means of 
Liischer's approach has been in the focus of recent investigations |1TT|-||20||. 

To obtain the finite L spectrum, one could try to generalize the Thermodynamic 
Bethe Ansatz approach (TBA) originally developed for relativistic integrable models 

. To this end, one starts with considering the string sigma model on a torus given 



by the Cartesian product of two circles with circumferences L and R, respectively. 
In the imaginary time formalism, the circumference of any of these two circles can 
be regarded as the inverse temperature in a statistical field theory with the Hilbert 
space of states defined on the complementary circle. Interchanging the role of the 
two-dimensional space and time, and further taking the limit R oo, allows one to 
relate the ground state energy in the original string model with the free energy (or, 
depending on the boundary conditions for fermions, with Witten's index) in the so- 
called mzrror model; the latter is obtained from the original theory by a double Wick 
rotation. It has been shown that the TBA approach is also capable of accounting for 
the excited states ||22|, see [^^-[^ for further results and different approaches, 
and also [|19| for the recent important development. 

If a theory is relativistic, then it coincides with its mirror. The light-cone gauge 
string sigma model lacks two-dimensional Lorentz invariance and, for this reason, 
the corresponding mirror model is a new theory that requires a separate exploration. 
In our previous work the Bethe-Yang equations for elementary particle of the 
mirror theory have been derived. Also, the bound states of elementary particles have 
been classified and shown to comprise into the tensor product of two 4Q-dimensional 
atypical totally anti-symmetric multiplets of the centrally extended 5u(2|2) algebra. 
The Bethe-Yang equations for the corresponding Q-particles are easily obtained by 
fusing the elementary equations^. More recently, we noticed |^ that the mirror 
Bethe-Yang equations involving auxiliary roots can be interpreted as the Lieb-Wu 
equations ||3^ for an inhomogeneous Hubbard model ||38| , This inhomogeneous 
Hubbard model becomes homogeneous in the limit of infinite real momenta of the 
mirror Q-particles^. Further, we have argued that the solutions of the Bethe-Yang 

^ These equations also follow from the requirement of Yangian symmetry po| . 

^The relationship between the equations and the Lieb-Wu equations for the inhomogeneous 
Hubbard model was observed earlier p5[ |. However, for the original string model there is no value 
of the physical, i.e. real particle momenta for which the Lieb-Wu equations become homogeneous. 
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equations contributing in the thermodynamic hmit arrange themselves into Bethe 
string configurations similar to the ones appearing in the Hubbard model and we 
have obtained the corresponding Takahashi-like equations for the real centers of the 
string complexes. This constitutes the string hypothesis for the AdSs x mirror 
theory |^ and offers an unequivocal way to obtain the corresponding TBA equations. 

The aim of the present paper is to derive the TBA equations for the AdSs x 
mirror theory. This will be done by following the well-established routine, i.e. by 
passing to the thermodynamic limit description of the Takahashi equations in terms 
of the particle-hole densities with subsequent minimization of the free energy. By 
exploiting the properties of the emerging TBA kernels, we will be able to slightly 
simplify the initial system of the TBA equations for the particle pseudo-energies. 
Then we will also attempt to derive the associated Y-system Opposite to 

the infinite set of the coupled TBA equations, the Y-system is a local set of equations 
but it is obtained at the price of "wiping off' a lot of information from the original 
TBA system. In some cases this information can be restored by specifying the 
analytic properties of the Y-system, as has been nicely demonstrated in the recent 
work |T^. We would hke to stress, however, that in our present case the success of 
deriving the Y-system crucially depends on the analytic properties of the so-called 
dressing phase |^ which constitutes a part of the TBA kernel for the Q-particles. 
Although in the original string theory the dressing phase is believed to be known, 
both in the strong coupling asymptotic expansion |^ and for a finite value of the 
coupling [0, its analytic properties and the actual expression in the mirror theory 
are currently terra incognita. To be precise, the dressing phase by is represented 
by a double series convergent in the region > 1 and \xf\ > 1, where 
kinematic parameters related to the first and the second particle, respectively. This 
series admits an integral representation found by Dorey, Hofman and Maldacena 



which is valid in the same region of kinematic parameters. To determine the dressing 
phase in the mirror region, one has to analytically continue the corresponding integral 
representation beyond jx^jl > 1- 

The Y-system for the planar AdS/CFT correspondence has been already 
conjectured |Q based on the experience with the classical discrete Hirota dynamics 
in the 0(4) model. Very recently two independent derivations of the Y-system (and 
the TBA equations) have been presented ||5l|, |52|. Although we did not attempt 
to make a detailed comparison of our results with those by [0, a bird's eye 
survey reveals definite similarities but also certain differences between our findings. 
Relegating some of our comparative remarks to Conclusions, we would like to stress 
that in our opinion the question - what is the mirror dressing phase - is the most 
important one towards an ultimate understanding of the TBA system. 

The paper is organized as follows. Section 2 deals with the thermodynamic limit 
of the Takahashi-like equations for the mirror model. In section 3 we derive the 
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TBA equations. In section 4 we partially simplify the TBA equations and discuss 
the construction of the associated Y-system. In the three appendices we summarize 
the most essential properties of the mirror kinematics, the relations and properties 
of the TBA kernels, and the simplified system of the TBA equations. 

2. Integral equations for densities 

In the thermodynamic limit we introduce densities p{u) of particles, and densities 
p{u) of holes which depend on the real rapidity variable u. We have the following 
types of densities (a = 1, 2) 

1. The density pqiu) of the Q-P^^rticles, — oo < u < oo , Q = 1, . . . ,oo 

2. The density p^^{u) of the y-particles with Im(?/) < 0, —2 < u < 2. The 
corresponding ^/-coordinate is expressed in terms of m as ?/ = x{u) where x{u) 
is defined in ( |6.1|) 

3. The density p^y}{u) of the ^/-particles with Im(y) > 0, — 2 < -u < 2. The 
corresponding y-coordinate is expressed in terms oi u as y = 

4. The density p^M\vwi'^) M|f?i;-strings, — oo <'U<oo ,M = l,...,cx) 

5. The density p^^^^{u) of the A^|w-strings, —oo < u < oo, N = 1, . . . ,oo , 

and the corresponding densities of holes. 

Introducing a generalized index i which runs over all the densities, one can 
represent the system of integral equations arising in the thermodynamic limit in the 
following compact form 



where the momentum pi does not vanish only for Q-particles, and is given by (|6.3| ). 
Here the summation over j is assumed, and the star product is defined by the fol- 
lowing composition law 



where the integration is taken over the range of u specified above. The explicit form 
of the kernels K's is discussed below. 



on pj. In what follows we will also need the right action which is defined as 






(2.2) 



The star product ( p.2| ) should be thought of as the left action of the kernels K's 
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Equations for Q-particle densities 

To derive the integral equation for Q-particle densities, we rewrite the Bethe-Yang 
equation (3.1) in |^ for Q-particles in terms of the function x{u) given by ( |6.1|) 



1=1 

l^k 



1 f=l ^iUk + i^" 



X[U 



x{Uk + l^] 



nn 



OO M V w 



M=l 1=1 



xiuk + i—) Tsr \ x{uk - i — 

a=l Z=l V g ' xiul"') \j ^ g 

Here the sl{2) S-matrix S'^^'^-j in the uniform light-cone gauge 
parameter a = can be written in the form ^ ^ ^ 

where 5''^'^' is given by 



u-u'-^^iQ + Q') u-u' - iiQ' - Q) 
n - n' + |(Q + Q') u~u' + ^{Q' - Q) 



(2.4) 
with the gauge 
(2.5) 

(2.6) 



Q-l 

xn 



u — u 



-(Q'-g + 2j)~ 



u-u' + W-Q + 23) 



Here TP^' {u,u') is related to the dressing factor ctqq/ as follows 

Q Q' l- 

^QQ' (u, u') = gqq, {u, u) Yl Yl T — 

j=i k=i 



x{u+^{Q+2-2j))x{u' + ^(Q'-2k)) 



(2.7) 



x{u+^{Q-2j))x(u'+^{Q'+2-2k)) 



xiu - i^) - xiu' + i^) xiu - i^) - xiu' - i^) xiu + i^) 
V g / ^ g ' ^ g ' ^ 9 ' ^ 9 ' 



Finally, the auxiliary S-matrix is given by 



x{u + i—) — x{u' + i—) x{u + i—) — x{u' — i—) x{u — i—) 



X 



M~l 

n 



u-u'~UQ-M + 2j) 



(2.8) 



,=1 M-M' + ^(Q-M + 2j) 

Taking the logarithmic derivative of ( |2.4] ) with respect to m^, we get in the 
thermodynamic limit the following integral equation for the densities of Q-particles 
and holes 



Pq(w) +Pq(w) 



R 



u 



271 du 



a=l 



y=i 

OO 



(2.9) 



M'=l 
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Here the kernels K's are 



K'i\u,u') 



u, u 



1 d 

2111 du 

1 d 
27ii du 

1 d 
2ni du 

1 d 
27ci du 



logs: 



log 



X[U — I—] 
^ 9 ' 



X[U 



X[U + tj) 



X[U 



X{U + Ij) 

x(u — i—) 

^ 9 ' 



log 



x\u — 1—\ 

^ 9 ' 



x(u') 



X\U 



X\U + l^) 

x(u — i—) 

^ 9 > 



(2.10) 
(2.11) 

(2.12) 
(2.13) 



where the operation -k is defined in (|2.2| ). Some of the kernels can be expressed in 
terms of the basic kernels Km{u) and K{u,v), see appendix |6l^ , where also many- 
important properties of the kernels are listed. 



Equations for y-particles densities with Im(y) < 



Next, we take a y*^"-* -particle with the root 
(3.6) in |36| in the following form 



(a) 



XiU 



and rewrite the equation 



- 1 



xiul 



(a) 



n 



f=1" a;(Ml"^) - V M=i t=^ u 



n n 



M 



LM 



n 

1=1 



H - Wi,M - ^ g 



u 



(a) 



w 



(a) 
LM 



+ i 



M 



(2.14) 



where xf" = x{ui^q ± i^) for a Q-particle with the real rapidity ui^q. 

Taking the logarithmic derivative of (|2.14|) with respect to u^^\ we get in the 
thermodynamic limit the following integral equation for the densities of y'-particles 
and holes 



M'=l 



{a) 
Pm'\i 



Here the kernels K's are 



(2.15) 



yM'. 



K 



u, u 



1 d , x[u) 
log- 



x(u' + z— ' 



27Ti du x{u) - xiu' - l^) \ X{U' + l^) 

1 d 



^ 9 ' 



Km'(u — u') 



2Tii du 



log 



u-u'~if 
u-u' + i^ 



(2.16) 
(2.17) 



Equations for y-particle densities with Im(?/) > 



In the second case Im(y) > the root y^"^ = l/x{u^^'), and we get in the thermo- 
dynamic limit the following integral equation for the densities of y+-particles and 
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holes 



'\w 



(2.18) 



Here the kernel K^j^^, is 



M'=l 



1 r/ - x(u' - i — 

J- W 1 x(u) ^ q 

log ^ 



^ a ' 



2m du ^ ^-x(u' + x(u' -i^) 

x(u) V 9 ' \ ^ 9 ' 



(2.19) 



Equations for tiu'-string densities 

Then, we take a M|fiy-string with the coordinates u^^]^-, and rewrite the equation 
(3.13) in 1^ in the following form 



(a) _ 



{") -M OO ^M'\vn 

9 TT TT QMM'(„,{a) 



1=1 



, , _ (a) I -M 
1=1 '^k,M ""l ' g M'=l 1=1 



n n 5"*'^' (41 (2.20) 



where the auxiliary S-matrices are given by (|2.6| ) and (|2.8|) . 

Taking the logarithmic derivative of (|2.20|) with respect to Uk, we get in the 
thermodynamic limit the following integral equation for the densities of w w-strings 
and holes 



M'=l 



p£U(«)+pSU(^)= E Fir ^PM'-^.r'^pS;. 



Here the kernels K's are 



and they all are positive. 



1 d 
2TTi du 



log^r^(n',n 



Kmm' {u - u) 
Km(u - u) , 



1 d 
27rz du 



\ogS 



MM' , 



U — U 



(2.21) 



(2.22) 

(2.23) 
(2.24) 



Equations for u'-string densities 

Finally we take a M|w-string with the coordinates and rewrite the equation 

(3.9) in ||36| in the following form 



\M 



n 



N 



1=1 '^k,M 



KNf„(a) 



(a) _ -M 

^ g N = l 1 = 1 



U 



k,M 



(2.25) 



-7- 



Taking the logarithmic derivative of ( |2.25 ) with respect to we get in the ther- 



modynamic hmit the following integral equation for the densities of w-strings and 
holes 



(a) 

Pm\v 



I -{") 

+ Pm\v 



(a) , (a) 

Py- + Py^ 



M'=l 



(2.26) 



3. Free energy and equations for pseudo-energies 

Having found the equations for the densities of particles and holes, we can proceed 
with deriving the integral equations delivering the minimum of the free energy per 
unit length for the mirror theory at temperature T = j. The free energy in the mirror 
theory determines the ground state energy of the light-cone AdSs x string theory 
defined on the cylinder with the circumference L equal the light-cone momentum P+. 
In the case we are mostly interested in L = J, where J is the angular momentum 
carried by the string rotating about the equator of S^. 

To be precise, the light-cone string theory has two different sectors. The first 
sector contains even winding number string states and it has fermions subject to 
periodic boundary conditions. This is the sector which has a BPS ground state 
whose energy should not receive any quantum corrections. Since the fermions are 
periodic, the ground state energy in fact is determined not by the free energy but by 
Witten's index of the mirror theory. The second sector has anti-periodic fermions and 
has a non-BPS ground state whose energy is determined by the mirror free energy. 



To describe both sectors in one go, we consider a generalized free energy |^ defined 
by the following equation 



J'^(L) = S 



(2)^ 
F I 



(3.1) 



where E is the energy per unit length carried by Q-particle densities 



E 



d«^^«(«)pQ( 

Q=l 



Here E^{u) is a Q-particle energy defined in (|6.4|) , and S is the total entropy. 



/" oo 2 / 

.Q=l a=l V 



p7)^'Kptn^T.Wt:)^<pM\:) 

M=l 



where s{p) denotes the entropy function of densities of particles and holes 



s(p) = plog ( 1 + + plog (^1 + ^ 



(3.2) 



(3.3) 
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Then, 1/L is the temperature of the mirror theory, i7/L plays the role of a chemical 
potential, and Np''^ is the fermion number which counts the number of y^^^-particles 
which are the only fermions in our system 



(2), 



(3.4) 



The relative minus sign between A'^^^'* and A'^^^'* is needed for the reality of the 
free energy, for relativistic examples see [^. In principle, the choice of "+" or "— " 
sign should not matter at 7 = vr where ( |3.1| ) becomes Witten's index. If 7 = we 
get the usual free energy. 

3.1 Derivation of the equations 

Thus, we need to minimize the free energy at temperature T = 1/L defined by the 
following equation 



J-,(L) 



du 



j2s^{u)pq{u) - ^ $:(-i)"(pt"j(^) +pt^(t.)) - 1 

.0=1 a=l 



. (3.5) 



The consideration is standard and general. We first write the free energy in compact 
form as follows 



J-,(L) = duJ2 



Ck Pk - ^ Pk - jS[pk) 



(3.6) 



where £k and 7fc do not vanish only for Q- and y-particles, respectively. 

Since the densities of particles and holes satisfy the Bethe equations (|2J] ), their 
variations are not independent but are subject to 



5pk{u) + 5pk{u) = Kkj -k 6pj 



(3.7) 



Here and in what follows the summation over the repeated indices is assumed. Ex- 
pressing the variations of the densities of holes in terms of the variations of the 
densities of particles, one finds the variation of the entropy function 



6s{pk 



(efc - ilk)Spi + log (1 + e*'"= Kkj ^ 6pj 



where the pseudo-energies are defined through 

Pk 
Pk ' 



(3. 



(3.9) 



Then, using the extremum condition 6J-'^{L) = 0, one derives the following set of 
TBA equations 



ek = LSk- log {l + e'^^-'^)kK. 



jk 



(3.10) 
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where the right action of the kernels Kjk defined by (|2.3| ) is used. 

Note also that ey± is defined only for |m| < 2. In principle, one could extend it to 
|m| > 2 by saying that e~^y^ = for \u\ > 2. It might, however, lead to discontinuities 
of the y-particles pseudo-energies. 

Taking into account that the entropy function can be written in the form 

s{pk) = log (1 + ^'^"~'") + - ilk)Pk + log (1 + e^'^-'^) Kk, * p, , (3.11) 

one finds that at the extremum ( |3.1(]| ) the free energy is equal to 

^,(L)^-f/d.5:^f log (1 (3,2) 

k 

Finally, one uses that the energy of the ground state of the light-cone string theory 
is related to the free energy of the mirror model as 

E,{L) = lim ^J-,(L), (3.13) 
and gets the following expression 

E,iL) = - fduf^ log (1 + e--) . (3.14) 

Q=l 

We see that for 7 = tt the necessary condition for the ground state energy to vanish 
for any L is 

e-'Q = for any Q . (3.15) 
It also imposes restrictions on pseudo-energies of other string configurations. 
3.2 TBA equations explicitly 

Here we list all TBA equations ( |3.10| ) explicitly taking into account that 

^Q = 1mU = ^mI = 0^ I'fJ = {-irr^ + h^, K = {-lTh, (3.16) 

and we used this representation for 7^°'' to handle more efficiently the physically 
more interesting case with 7 = 7?. 

Assuming summation over repeated indices and the index a in the equation for 
Q-particles, the TBA equations for the pseudo-energies take the following form 

• Q-particles 

tQ = L£Q- log (1 + e-^Q') ^ - log + e-^^"'V™^ ^ K^^ (3.17) 
log ( 1 - e'^"-^^'^ * Kl"^ - log fl - e'^"-^+ ^ ^ Kl"^ . 
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7/-particles 



eg = - log (1 + e-'^) ^ Ki^ + log ^ i^M • (3.18) 



1 + e A^i™ 



M|f ly-strings 



- log(l + e-^c3')*^x^J'' (3-19) 

_,(°) \ 1-e ° ^+ 
+ log ( 1 + e ) i^M'Af - log ^ -k Km ■ 

— e f 



^M\vw 



M|w-strings 



e£}^ = log ( 1 + e-^MV ^ i^M'M - log ~ \ * i^-M . (3.20) 

/ 1 — e y 



We see that (|3.15|) solves these equations for /i = if the pseudo-energies of 



y-particles satisfy e~^^ = 1. A proper way to analyze these system for /i = is to 
consider the perturbation theory in small h. A rough estimate seems to show that 
eg ~ h and e"'''^ ~ h?. We postpone detailed analysis for future. 

4. Simplifying the TBA equations 

In this section we simplify the system of TBA equations ( p.l7| - p.20D by reducing 
most of the equations to a local form. The local form can be also readily used to 
derive equations for Y-functions which coincide with (or are inverse to) exponentials 
of pseudo-energies. We will see that the recently conjecture Y-system holds only 
for values of the spectral parameter u satisfying the inequality \u\ < 2. For other 
values of u the TBA equations for Q-particles cannot be apparently reduced to the 
Y-type equations. 

We introduce the Y-functions as 

y„ — p-^Q Y^'^> — p^Miv-w Y^"' — p^Miw Y}°'> — p^y± (A 1 ^ 

^Q — ^ 5 ^ M\vw ~ ^ ' ^ M\w ~ ' ^± ^ l^'-LJ 

and use the following universal kernel 

+ = ^MN - s {Sm+i,n + Sm-i,n) , s{u) = ^ , (4.2) 

that is inverse to the kernel K^q + Sjsq 

oo 

Y,{K+ 1)^V (^iVQ + ^nq) = Smq . (4.3) 

N=l 

For more properties of the inverse kernel see appendix |0. 
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TBA and Y-equations for u7-strings 

We begin our consideration with the simplest case of w-strings. We apply the inverse 
kernel ( |4.2| ) to ( p. 201 ), and get the following equation 



e 

logyi,^^ = Imn log(l + Yffj ^ s + 5mi log * s , (4.4) 

1 ~ ^Tisy 



where I^jn is the incidence matrix 

Imn = Sm+i,n + Sm-i,n , (4.5) 
and we used the following identity 

oo 

Y,iK+^)MN Kn = s6mi. (4.6) 

N=l 

Since the functions are defined on the interval —2 < u < 2, the integral in the 
last term of eq.( [4.4|) is taken from —2 to 2. 

To derive the Y-equations for ly-strings, it is convenient to define the operator 
that acts on functions of the rapidity variable u as follows 

{f^s~')iu)= \im[fiu + --te) + fiu--+te)]. (4.7) 

It satisfies the obvious identity 

[s -k s^^){u) = 6{u) . 
The operator has however a large null space, and as a result in general 

This also means that one may loose information by acting by the operator s^^ on an 
equation. We will see examples of such a loss in what follows. 

By applying the operator to both sides of the equation one immediately gets 
the following Y-equations for w-strings 



^ M\w ^ M\w 



(l + (l + if M>2, (4. 



1 - 



(,)+ ^ / (,) ^ ^ 



l\w l\w V 2|u> 



(,)+ („)_ ^ („) 
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where we introduce the notation Y^^|^(m) = yI^"^^{u ± ^ =F ^0). 

These formulae show that the form of the Y-equations for M = 1 is not uniform 
with respect to the parameter u. The reason behind is that Y^"''' are supported on 



the interval (—2,2). Only eqs.( |4.8|) and ( |4.9| ) have appeared in and they were 
assumed to hold for all values of u. Obviously, the uniform expression could be 
achieved provided K^"'' admit such an analytic continuation to the complex w-plane 
that y}°'\u) = y!:"'\u) for \u\ > 2. This continuation should be, however, compatible 
with the whole set of TBA system. Currently it is unclear if this is indeed the case. 

TBA and Y-equations for y-particles 

Next we consider w-strings. Equations ( p.l8| ) for the pseudo-energies of y-particles 
can be written in the form 

1 + 1 

log Yi") = -I log (1 + Yq) ^ {KQy + Kq) + log /'f- ^ Km , (4.11) 



M\w 



log y|") = I log (1 + Yq) ^ {KQy - Kq) + log * Km , (4.12) 



M\w 



where we used that the kernels K'^^ can be expressed in terms of Kq and the kernel 
KQy defined in (|6.9| ). 

By adding and subtracting, these equations can be cast in the form 

log^ = log(l + YQ)^irQ,, (4.13) 

log Y_f") Yi") = - log (1 + Yq) * Kg + 2 log T: * Km • (4.14) 

M\w 

The last term in ( 4.14|) can be replaced by ( 4.26 ) or (^4.27 ) reducing all non-local 
terms to the ones depending on Y-functions of Q-particles only. 

To derive Y-equations for y-particles, we need the following identities 

{KQy + Kq) * s-^ = 2Kg' + 25qi , Km * s'' = Kmi + 5mi • (4.15) 
We get with their help 

log Yi"^ ^s-' = - log (1 + Yi) - log (1 + Yq) ^ (4.16) 

1 + 777^ 1+ ' 



1 1 liJ I 1 M I V w 



+ log — — — + log — — -k Kmi 

l\w M\w 
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Now we subtract (|3.20|) from ( p.lS ) for M = 1, and obtain 



log- 



(a) 



1|dU! 



(a) 



iog(i + yQ)*ir£^ + io^ 



l\w 



M\vi 
^ 7\ -r I , . 



i<K 



Ml 



(4.17) 



Finally, subtracting ( [4.17| ) from ( [4.16| ), we derive the following Y-equation for y_- 
particles 



1 + 



(a) 



l|i;u> 



1 + v(") 1 + Fi ■ 

1 ku 



(4.18) 



Repeating the same procedure with F^"'*, we get 

log (1 + Yq) ^ (2ir«; - KqO + log 



gri r i ^ 



1 I 



(a) 
vw 

|ui 



(4.19) 



2l0g(l + rn)*/C?' + l0f 



l|ui 



where the kernel /C^*^ is defined in (|6.22|) . This equation cannot be reduced to the 
usual local Y-system form. 

We stress again that the equations for Y^^ are valid for u being in the interval 
(—2,2) and the analytic continuation for \u\ > 2, we have discussed after eq.( |4.10|) , 
would impose a consistency condition on the functions Yq due to eq.( |4.13|) . 

TBA and Y-equations for f w-strings 



Now we can discuss fw-strings. We apply the inverse kernel 
identity 

and, as a result, obtain the following equation 



to ( |3.19| ), use an 
(4.20) 



1 - 



loffF, 



(a) 



M\vw 



log(l + F^l) * s + 5mi lo 



Y 



(a) 



1 - 



-k S 



(4.21) 



Y 



- log(l + Ym+i) -ks- 5mi log(l + Yq) -k Kqy -k s . 



where in Kqy -k s we integrate over [—2, 2]. By using ( [4.13| ), we can rewrite ( [4.21| ) in 
the final local form 



log = (^^^^ + ^N^J + ^Ml log - 



1-e 



log(l + rM+i)U^5,(4.22) 
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Now applying the s ^ operator to both sides of the equation, one gets the following 
Y-equations for f w-strings 

■ M\vw M\vw ~ [^^ ~^ '^M~l\vw j ( ^ ^ ^ ' 
l\vw l\vw 



\vw 



I+Y2 I - e^ihcY^"'^ 



1 + Ym+1 
\u\<2. 



if M > 2 , 



l|ti-u; l|-uui 



1+K 



(a) 



2\vw 



I + Y2 



ImI > 2. 



(4.23) 
(4.24) 

(4.25) 



Finally, subtracting (|4.4|) from ( [4.21| ), we derive the following equation 



1 + 



log 



Y, 



(a) 



M I V w 



1 + ^ 

M\w 



M 



log 



1+K 



(a) 



l\vw 



1 I 



7^ S 



(4.26) 



+ log(l + Ym+i) -ks-kKM + log(l + Fm) * KMy -ks-kKi 
and by using ( 4.13 ), one can rewrite ( |4.26|) in the form 



1 + 



71^ 



log 



1 + 



M 



log 



A/|tii 



1 + K^"^ 

1 + y^"^ 



(4.27) 



Y 



(a) 



+ log(l + Ym+i) -ks-k Km + log -ks-kKi. 

These equations can be used to simplify eq.( |4.14| ) for y-particles. 
TBA equations for Q-particles 

At last, we discuss the most complicated case of Q-particles. Our analysis is only 
partially complete here because of a lack of understanding of the properties of the 
dressing kernel in the mirror model. Still, we will be able to demonstrate that the 
transition from the TBA equations to Y-equations is only possible for u taking values 
in the interval from —2 to 2. 

Equations for the pseudo-energies of Q-particles can be written in the form 



log^Q = LSq + log (1 + Yq,) * {Kq^q + 2K§,q) - log 1 



Y, 



(a) 



1 - 



-2^°sr 



Y 



(a) 



Y 



(a) 




Y_ 



{a) 



AI\vw , 



(4.28) 



where the summation over a is assumed, and we use ( p.5|) , (p.lO| ) and ( p.23|) to 
represent the Q-particles kernel in the following form 



-Kqq,{u - u) - 2K^Q,{u, u) 



(4.29) 
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where we introduce the dressing phase kernel 



(4.30) 



We now should apply the inverse kernel ( ^4.2| ) to ( [4.28| ). To this end, in addition to 
formula ([4 .61), we need the following formulae 



Here 



{£^s){v) = / du'£{u')s{u' -v) 



(4.31) 



(4.32) 



-2 foo 



'-00 J2 

where we introduce the function 



du log 



u 



' - - 4 



s{u' — v) 



£{u) = 2\og[\ 



u 



Vm^ - 4 



{d{-u - 2) - d{u - 2)) 



(4.33) 



and 9{u) is the standard unit step function. 

Next, we find the following action of the inverse kernel on KyQi 



KyQ, -k{K + 1)q]q = SgiiKyi - Ky2 * s) = 5qi{s + 2 K -k s) , 
{K -k s){u,v) = I du K{u,u')s{u — v) 



(4.34) 



-oo J2 



du K{u, u)s{u — v) 



± 



where we use the kernels 



+ f ^du' K{u,u' ±ie)s{u' - v) 



oo J2 



k{u,v) = K{u,v){e{-v-2)-9{v-2)) , K{u,v) = ^ ^^^^ ^ . (4.35) 

ZTT a/4 — U — V 

We also need similar formulae for K^^' 

* + = ^m+i,qs + 6iq{K^I\ - K^l ^ s) = 5m-,i,qs + SiqKm s , 



{Km* s){u,v) 



du Km(u, u)s(u — v) 



(4.36) 



oo 

-2 foo 



± 



-oo J2 
2 



oo J2 



du (K(u + -M, u') + K{u - -M, u'))s{u' - v) 
9 9 

du (K(u + -M, u ± it) + Kiu - -M, u ± ie))s(u' - v) 
9 9 
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where 

Kj^(u, v) = {K(u + -M, v) + K(u - -M, v)) (e(-v - 2) - e(v - 2)) . (4.37) 
9 9 

The kernels K{u,v) and Km{u, v) obviously vanish only for l^;! < 2. For other values 
of V they are non-trivial and because of that the Y-system would not hold for |f | > 2. 

The only formula we are missing is the one which gives the action of the inverse 
kernel on the dressing phase kernel: KQiQi,-k{K + 1)q»q =?. Unfortunately, since the 
structure of the dressing phase in the mirror model is unknown, we cannot proceed. 
We believe that the result will be similar to what we found above for the other kernels 

Kl,Q„ ^{K + = S^qK^, ^ s , (4.38) 

where the kernel Kq,{u, v) would vanish for |f | < 2. Finding a formula for the kernel 
Kq, is necessary for understanding the structure of the TBA equations, and we hope 
to address the problem in a future publication. 

Applying now the inverse kernel ( |4.2| ) to ( [4.28| ), and assuming that Q > 2, we 
get the following equation 

- logFg + log(FQ_,rQ,,) . . = log , (^ + ^^^^)(^ + ^^+^) ^ . . 

l + TTTT^ 1 + 



Q — llvw / \ Q — l\vw 

+ 2 log (1 + Yq,) ^ K§,Q„ ^{K + , (4.39) 

We see that if the formula ( [4.38| ) would hold then applying the operator to both 
sides of the equation ( |4.39| ), one gets the following Y-equation for Q-particles 



\ 'Q-1]vw / V 'Q-1\vw 



Yq^^Yq + , (l + FQ_l)(l + yQ 



if Q > 2 . (4.40) 



This Y-equation agrees with the corresponding equation of the Y-system in 
le identifies Yq = Fq,o , = 1/Fq+i,i , F^^l = I/Fq+i,-!- 

Finally, the equation for Q = 1 takes the form 



-logFi = log(l + -^)^s-logl 1-^ 1 I 1-—^ Us (4.41) 



Y 




-k K -k s 



y(2) 

M\vw / \ M\vw , 



+ 2\og{l+YQ)^KlQ'^{K + l)-Q\ 
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We recall that the functions are defined on the interval —2 < u < 2 and, therefore, 
in all the formulae where they appear the corresponding integrals are taken from —2 
to 2. The equation above clearly demonstrates the absence of symmetry between y~- 
and y^-particles. It does not immediately lead to the corresponding equation in the 
Y-system of ||5^ for arbitrary values of the rapidity variable u which is the argument 
of the function Yi in ( |4.41| ). 

Nevertheless, applying the operator to both sides of ( [4.41|) , one gets the 
following equation 



y{l) M ^7(2) 



Y2 I + Y2 



e-^ , (4.42) 



y(2) 




{9{-u - 2) + 9{u - 2)) (4.43) 



* Km + 2log{l + Yq)*K^ 



M\vw / \ M\vw , 



Here the first term on the right hand side guarantees that the second term on the 
right hand side of eq. ([4. 411) contributes only for \u\ < 2. 



Since the extra contribution A vanishes for \u\ < 2, in this case one recovers the 
Y-equation for Q = 1-particles 



1 



y(l) M y{2) 



Yo 1 + Yo 



if |m| < 2. (4.44) 



This equation also agrees with the Y-system of |^ under the identification e ^^ly^^-* = 
—1/Yi^i , e~*^^yi^'* = — 1/Yi^_i. Let us stress again that to derive (|4.44| ) one uses that 



£{u) , K{u\u) , Km{u',u) , Kq{u',u) vanish for \u\ < 2, and assumes the vahdity 
of formula (|4.38| ) for any Q'. 

Taking into account the important role the Y-system played in the recent studies 
of the 0(4) chiral model [T^, it might seem reasonable to assume that only solutions 
of the TEA equations satisfying the extra condition 

A = 2TTin for all u and some ri G Z, (4.45) 

encode the spectrum of strings on AdSs x S^, and are relevant for the AdS/CFT 
correspondence. Currently, however, we suspend the claim that it is really the case. 
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In fact, it seems that the solution of the TBA equations leading to the vanishing 
ground state energy does not obey the condition, and if it is really the case then the 
Y-system is valid only for \u\ < 2. We hope to return to this question in a future 
publication. 

Let us finally mention that identifying 



1 ) 



one finds that all the Y-equations discussed above do match the corresponding ones 



in the Y-system of 50 



5. Conclusions 



In this paper we have derived an infinite set of the TBA equations for the AdSs x 
mirror theory. There are several obvious questions to be answered. First, one needs to 
rigorously establish the vanishing of Witten's index (7 = vr) in the mirror theory, the 
latter equals the ground state energy in the original string model, and see if /how it 
implies the quantization of the light-cone momentum of string theory or, equivalently, 
the quantization of the temperature of the mirror model. Second, one has to elaborate 
on the properties of the dressing phase in the mirror theory. Third, one should find 
an analytic continuation of the TBA equations to account for the excited states. All 
these questions, of course, are not independent. 

The Y-system we obtained from these equations (under certain unproved as- 
sumptions about the dressing phase!) coincides with that by |Q only for u taking 
values in the interval —2 < u < 2. For other values of u one has to assume the 
validity of ( [4.38|) , and impose the additional condition ([4.45|) on the Y-functions. 
The condition, however, does not seem to be compatible with the vanishing of the 
ground state energy, and if so the Y-system could be valid only for \u\ < 2. 

Our brief comparison to the recent results |ET], reveals the following. The 



TBA equations we derived in section 3 seem to agree with those of |^ . The detailed 
comparison is difficult to carry out, however, due to notation differences between 
the various sections in [51|. The simplified form of the TBA equations we obtained 
in section 4 does not appear in ||5l|, Once again, we see that the properties 
of our TBA kernels are such that they admit a localized Y-system in the interval 

11. Such an 



u G (—2, 2) only. We could not find any indication of this fact in |51 



unusual feature arises due to the TBA equation for Q-particles and it is, of course, 
absent in the Y-system for the homogeneous Hubbard model. Then, it is assumed 
in ^ that the discrete Laplace operator annihilates the dressing phase kernel. 
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There seems to be no proof of this assumption in |52], and in the appendix 2 of [51 1 a 
proof is given based on the AFS form |^ of the dressing phase. This form, however, 
is not vahd in the mirror region because the corresponding series is not convergent. 



We also see a certain difference with the findings of ||5^. First of all, none 
of the TBA kernels in |^2[ seem to contain the (square root) of the ratio x{u + 
i/gQ)/x{u — i/gQ), while our kernels do. Further, as was argued in [0, the 
kinematical region of the mirror theory corresponds to Imx^ < (or Ima;^ > 0) 
which is apparently different from the choice > 1 and < 1 indicated in 
[^, Indeed, the region > 1 and < 1 is a "hour-glass" in Fig.l of @], 
while the kinematical region of the mirror theory is a "leaf", where Imx^ < (or 
Imx^ > 0). Although both regions do include the physical momentum of the mirror 
theory, it is only the leaf which contains all the bound state solutions of the mirror 
theory corresponding to the first and the second BPS families |]3^ . 

In any case, in spite of all the differences and yet to be justified assumptions, 
the present effort of deriving the TBA equations for the AdSs x mirror brings us 
closer towards the final solution of the AdS/CFT spectral problem. 
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6. Appendices 

6.1 Mirror dispersion and parametrizations 

In this paper we express all the quantities of interest in terms of the following function 
of the M-plane rapidity variable 

x{u) ~ 2 ^ iV4: — , lm{x{u)) < for any u E C , (6.1) 

with the cuts in the w-plane running from ±oo to ±2 along the real lines. Our choice 
of the square root cut agrees with the one used in Mathematica: it goes along the 
negative semi-axes. One can check that with this choice of the cuts the imaginary 



part of x{u) is negative for any u E C According to 0], this function maps the 
u-plane with the cuts onto the physical region of the mirror theory. To describe 
bound states of the mirror model, one should also add either the both lower or both 



upper edges of the cuts to the w-plane This breaks the parity invariance of the 
model. 
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The function x{u) obviously satisfies the condition 



1 

xiu) H — -— = u, 
xiu) 



and also the following relations 



x{—u) = , {x{u))* 



x{u) ' x{u*) 
The variables x'^^(m) used in [^] are expressed through x{u) as follows 

xQ+{u) =x{u+'-^), xQ-(m) =x(m- (6.2) 
9 9 

where the parameter g is the string tension, and it is related to the 't Hooft coupling 
A of the dual gauge theory as g = 

The momentum p^, and the energy of a mirror Q-particle are expressed in 
terms of x{u) as follows 

iQ iQ 

jfi{u) = gx{u ) — g x{u -\ ) + iQ , (6.3) 

9 9 

x(u- .1 X 

f«(n) = log- ^ = 2arcsinh — v/g2+p2 ^ (5.4) 

x{u+'-f) \2g J 

and the momentum is real, and the energy is positive for real values of u. They 
satisfy the relations 

p{-u) = -m , imr = pi^*) , £{-u) = siu) , {£{u)r = £{u*) . 

6.2 Kernels 

Let us introduce the following kernels 

K{u,v) = ^^^^^=^^, (6.5) 
2m 1/4 — u — V 



and (c.f. 111) 

Km{u) = —^log (^T^) = - .J^ , , , -oo<M<oo. (6.6) 

9 ^ 

The Fourier transform of the kernel is 

/oo 
du e'^^'^KMiu) = sign(M) g-l^^^'^l/f , (6.7) 
-00 



- 21 - 



and therefore 

/oo 
duKMiu — u') — sign(M) for any u' . (6.8) 
-oo 

Then the kernels are related to them as follows 

KS'^iu, v) + K^'iu, v) = Kq{u - v) , 

KQy{u, v) = KS'^iu, v) - K^^iu, v) = K{u - -Q, v) - K{u + -Q, v) , (6.9) 

and the kernels as 

Kl'^iu, v) - Kf{u, v) = Kq{u - v) , (6.10) 
KyQ{u, v) = Kl^{u, v) + Kf{u, v) = K{u, v + '-Q) - K{u, v - ^Q) . (6.11) 

The important property of the kernel K~j^, and Kyj^, is that they are positive for 
—2<u'<2, and satisfy 

J duKyQ{u,u') — 1 for any u' . (6-12) 

We also have 

KyJ{u,u') = KM{u-u'). (6.13) 
Then the kernel K^^{u, u') can be expressed in terms of Km as follows 

K^/{u,u') = Kmn{u-u'), (6.14) 

M-l 

Kmn{u) = Km+n{u) + Kn-m{u) + 2 ^ KN-M+2j{u) , M,N>0. 

The Fourier transform of the kernel is 
Kmn{oo) = coth (^M^ (e-l^-^ll'^l/^ - e-(^+^)l'^l/^) - Smn , M,N>0. (6.15) 

The inverse of the kernel is 

(k{uj) + i) = Smn - s{^) {Sm+i,n + Sm-i,n) , s{^) = 

\ / MN 



2cosh^^ ' 

9 



J2 + l)^^ {Knq{oo) + 5mq) = Smq . (6.16) 

Ar=i 



Inverse Fourier of s(a;) is 



1 



fOO 
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There is this interesting identity 

(^Kmn{i^) + 5m7v) Kn{uj) = s{lj) 6mi ■ (6.18) 



N=l 

One can show that 



KZ'{u,u') = ^X^^,,(x.-x.') + ^r' (6.19) 



where 



/Cf ^' (m, m') = + ^ f K(u + - AT, + -N') - Kiu - -TV, u' - -N')] 
2 V ^ ^ 9 9 J 

+ -(Kiu- -N, u' + -N') - Kiu + -iV, - -iV')l , (6.20) 
2 V ^ 9 9 9 J 



and 



where 



K^f{u,u') = ^Kr,N'{u - u')+IC^'''iu,u') . (6.21) 



JC^'^'iu^u') = --( K(u + -N,u' + -N')-K(u--N,u'--N') 
2 V ^ 9 9 9 . 

+ -(k(u- -N, u' + -N') - Kiu + -N, u' - -N') \ . (6.22) 
2 V 5 9 9 9 J 

Below we hst various identities necessary to simphfy the TBA equations. The 
summation over repeated indices from 1 to oo is assumed 

{K+1)-^^^Kn = s5mi. (6.23) 

KyQ, ^{K + = Sq^iKy, - Ky2 ^s) = 6qi{s + 2K^s), (6.24) 

{k^s){u,v)^ f du' k{u,u')s{u' - v) ^ ( f -[ )du' K{u,u')s{u' -v) 

J -oo ^ J -oo J 2 ' 

= ±(^y +^ ^Au! K{u,u! ±%e)s{u! -V) , 



where we introduce the kernel 

k{u,v)^K{u,v){Q{-v-2)-d{v-2)) , K{u,v) = ^^^^^^, (6.25) 

I'K \J A, — u^ u — V 

and Q{u) is the standard unit step function. 

{K + 1)q^, * KQ,y = 5c?i(i^i. - s * K^y) , (6.26) 
{Kiy-sicK2y){u,v) = s{u,v)±2(^J + ^du' s{u-u')K{u' ^ie,v) . {6.27) 
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xi^'-s^/ra?' = ±( / + 

-oo J2 



X s{u - u'){K{u' ^ie,v + -Q') + K{u' ^ ie, t; - -Q')) 



+ l)MiV' * ^ilix = ^m+i,qs + ^MlS * KyQ . 



(6.28) 
(6.29) 

(6.30) 
(6.31) 



/oo 
du' Km{u, u')s{u' — v) 
-oo 



(6.32) 



-oo 
-2 roo 



^du' {K{ 



u + -M, u') + Kiu M, w'))s(w' - v) 

9 9 



-oo J2 

= ±( / +^ )dK'(is:(M+ ^M,'u'±ie) +is:(M- ^M,'u'±ie))s(ii'-'t;), 



oo J2 



9 



where 



Km(u, v) = (Kiu + -M, -y) + Kiu - -M, v)) iei-v - 2) - Oiv - 2)) . (6.33) 
9 9 



The kernels K{u,v) and Km{u,v) obviously vanish for \v\ < 2. 

POO 

{S^s){v) = / du' £{u')s{u' - v) 



(6.34) 



^ s(m' - v) , 



where we introduce the function 



£:(!.) = 2 log (- 



u 



Vu'^ - 4 



{e{-u - 2) - e(ii - 2)) , (6.35) 



± 



oo 

oo /•-2 



+ / )du' s{u-u')—^ 

J2 ' V' 



%gu 



du' s{u — u') 



gu 



VW^ - 4 ' 



(6.36) 
(6.37) 

(6.38) 
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Kq ★ KyQ, = j dv! Kq{u - u')KyQ>{u', v) = (6.39) 

' 1 1 

= JCf^'{u,v) - -Kq,^q{u -v) + -Kq>+q{u - v) . 

Kqy ic Kq,^ J du' KQy{u, u')Kq,{u' - v) ^ (6.40) 

= JC^^'iu, v) + ^Kq,^q{u - -y) + ]^Kq,+q{u - v) . 
The following formula holds for |v| < 2 

2]C'^^ ic s{u,v) ^ KQy{u,v)±2(^ J + ^duKQy{u,u^ie)s{u-v+^){6Al) 
Finally 

{KQy + Kq) ^ = 2Kg' + 26qi , Km ^ s"' = Kmi + Smi • (6.42) 
6.3 Simplified TBA equations and Y-system 

Here for reader's convenience we list all the simplified TBA equations and also the 
Y-system equations. Recall that we introduce the Y-functions related to the pseudo- 
energies as 

yQ = e-«, y£;L = e^^i"- , ^it = ^'"'^' Y^^^e''^^, a = 1,2, (6.43) 

and assume summation over repeated indices. 

The simphfied TBA equations for the Y-functions take the following form 

• M|w-strings: M > 1 , Y^"J = 

log lit = log(l + J(l + J ^ ^ + ^Mi log — ^ ^ . (6.44) 

• M|^;«;-strings: M > 1 , Y^^^l = 

logl^L = log(l + Yil|^J(l + Yi"j,|„J^. (6.45) 

- log(l + Ym+i) *s + 5mi log — =^ ★ s 

• y-particles 

^og^ = log{l + YQ)^KQy, (6.46) 

1 + ^ 

log y|°Vi") = - log (1 + Yq) * + 2 log T ^ Km (6.47) 

M\w 
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• Q-particles for Q > 2 

log + log(F^_,FQ,0 . . = log , (1 + ^^-0(1 + ^^+0 ^ ^ ^ 



y(i) / \ y(2' 

Q — l|vzt> / \ Q—l\vw 

+ 2 log (1 + Yq,) * XJq„ * (X + (6.48) 

• Q = 1-particle 

- log = log(l + _) * s - log h - j h - j ^ s (6.49) 

j/ii \ / ih2 \ ( „ihi \ / ih2 \ 

-iog|i + -(^) n + -^UKM-^s 

^M\vw/ \ ^M\vw/ 

+ 2log{l+YQ)i.K§Q,i.{K + l)Q\ + LS*s 

The energy of the ground state of the light-cone gauge- fixed string theory on AdSs xS^ 
is expressed through the Y-functions as follows 



E,{L) = - /■ d« i-^ log (1 + Fq) . (6.50) 

Q=l 



With the notation V^i^u) = Y{u ± ^ ^ iO) for any Y-function, the Y-system 
equations for u e [—2, 2] take the following form 



M|t(;-strings 



^ M\w ^ M\w 



(l + Ym-m^) (l + ^£11.) if M > 2 , (6.51) 



-1 6*''° 

l\w l\w 



(1 + <0 (6-52) 

Mji'w-strings 



(1 + (1 + YTTW ^^^^2, (6.53) 



Mlwu! M|i;to \^ ' M-l\vw J y ' M+l\vw J _j_ 
yia)+ yia)- _ + ^2|^«, l-e 
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y -particles 



1 _L y(«) . 

y yW- ^ /g_55) 



l/+-particles 



log Yi^^^ Yi^^- = 2 log (1 + Fq) ^ ICf + log (6.56) 



• Q-particles for Q > 2 



y+ y- I 1 + 7(17 ) ( 1 + T^W^ 



Yq^^Yq^, (i + yQ_0(i + ^Q+i) 

• Q = 1-particle 



(6.57) 



(6.58) 



^2 1+^2 

where we assume the validity of the formula 

X|,Q„ ^ (X + I SiqK^, * s . (6.59) 
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